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I. INTRODUCTION
Coherent quantum feedback control involves implementing controllers as quantum systems which are interconnected directly to the quantum systems they control, avoiding measurement; e.g., see [1] . This can offer several advantages: coherent feedback avoids the collapse of the quantum state and the loss of quantum information associated with measurement; implementing coherent controllers ([2]- [5] ) may introduce fewer quantum noise channels than the measurement process which may lead to better control system performance; and there may be technical or experimental benefits to implementing a controller as a quantum system (e.g., advantages in terms of the speed of control, experimental setup may make measurement impractical). However, when implementing controllers as quantum systems, the requirement for unitary evolution, the noncommuting nature of quantum observables, and the requirement for commutation relations to be preserved as systems evolve (e.g., see [6] ) lead to the notion of physical realizability [7] , [8] -the property that a given system model represents the dynamics of a physically meaningful quantum system. Also, quantum noises [9] introduce fundamental limits on controller performance. New and tractable methods are required for quantum controller synthesis problems.
Taking classical controllers obtained from standard synthesis methods (such as H ∞ controller synthesis) and modifying them by incorporating additional quantum noises to obtain physically realizable quantum systems provides a tractable approach to coherent quantum controller design; e.g., see [7] . We extend the result in [7] to determine the number of introduced quantum noises that are necessary to implement a given, strictly proper, LTI system and to give a construction for such an implementation. We then give results showing when it is possible to implement a transfer function as a quantum system by introducing the same number of quantum noises as the output dimension and give an algorithm to do so. Preliminary conference versions of these results appeared in [10] - [12] . The main contribution of this technical note is to demonstrate the utility of these results by providing an algorithm to obtain a suboptimal solution to a coherent quantum linear quadratic Gaussian (LQG) problem. More detailed proofs and further justification for the algorithms can be found in an archive version of this note [13] .
II. QUANTUM SYSTEMS

A. General Quantum System Model
Open quantum harmonic oscillators are an important class of quantum systems and can be described by the following quantum stochastic differential equations (QSDEs):
Here
T is a column vector of n self-adjoint system variables which are operators on an underlying Hilbert space and satisfy commutation relations described by a real skew-symmetric matrix Θ:
Similarly, dw(t) and dy(t) are column vectors of self-adjoint, noncommutative operators representing the input and output of the system. They have dimensions n w and n y respectively, and satisfy commutation relations as follows:
The input signals dw(t) are assumed to admit the decomposition
where the self-adjoint, adapted process β w (t) is the signal part of dw(t) and dw(t) is the noise part of dw(t). Here, β w (t) is assumed to commute with x(t). The vector dw(t) is a quantum Wiener process with Ito products
dw(t)dw T (t) = Fwdt
where Fw = Sw + Tw is a nonnegative Hermitian matrix with Sw real and Tw imaginary.
Finally, n, n w and n y are even (this is because in the quantum harmonic oscillator, the system variables always occur as conjugate 0018-9286 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
pairs, see [14] ) and A, B, C, and D are appropriately dimensioned real matrices describing the dynamics of the system. For further details regarding these models, see [7] .
B. A Class of Quantum System Models
This paper addresses the problem of implementing an arbitrary, strictly proper, LTI system as a quantum system by introducing vacuum noise sources. The resulting quantum systems are described by the following QSDEs:
These QSDEs are a special case of (1), with dw(t) partitioned into signal inputs du(t) and quantum vacuum noise inputs dv 1 (t) and dv 2 (t) and with β u (t), dũ(t), n u ,
S v 2 , and T v 2 defined accordingly. For convenience, the vacuum noises are partitioned into two vectors dv 1 (t) and dv 2 (t) such that n v 1 = n u . Subsequently, we will refer to dv 1 as the direct feedthrough quantum noises and to dv 2 as the additional quantum noises. We restrict our attention to the case where n y = n u .
III. PHYSICAL REALIZABILITY
A. Definitions
As in [7] , [10] - [12] , [15] , [16] , physical realizability is the property that the system dynamics described by the QSDEs (1) correspond to those of a collection of open quantum harmonic oscillators. We slightly modify the definition of physical realizability given in [7, Definition 3.1] to restrict our definition to systems that are fully quantum.
Definition 1: The system variables x are said to satisfy the canonical commutation relations if
This corresponds to the case where x consists of pairs of position and momentum operators:
Definition 2: The system described by (1) is physically realizable if Θ is of the form (3) and there exists a quadratic Hamiltonian operator
where R is a real, symmetric, n × n matrix, and a coupling operator vector L = Λx(0), where Λ is a complexvalued (1/2)n w × n coupling matrix such that the matrices A, B, C, and D are given by
Here:
; P is the appropriately dimensioned square permutation matrix such that P [a 1 a 2 · · · a 2m ] = [a 1 a 3 · · · a 2m−1 a 2 a 4 · · · a 2m ] and diag(M ) is an appropriately dimensioned square block diagonal matrix with each diagonal block equal to the matrix M . Also, Im(.) denotes the imaginary part of a matrix and (.) † denotes the complex conjugate transpose of a matrix.
IV. MAIN RESULT
A. General Case-Implementing a State Space Representation
In this section, we give a theorem which states how many introduced quantum noises are required to physically realize a strictly proper LTI system
We then give an algorithm to implement this system as a physically realizable quantum system (2) with minimal additional quantum noises.
Theorem 1: Consider a strictly proper LTI system defined by given matrices A, B u , and C. There exist matrices B v 1 and B v 2 such that the corresponding system (2) is physically realizable and with n v 2 equal to r where r is the rank of the matrix
Before giving a proof for this theorem, we give the following algorithm for obtaining a physically realizable implementation (2) with minimal additional quantum noises:
Here Θ nu and Θ ny are commutation matrices of the form (3) of dimensions n u × n u and n y × n y respectively. 2) Find the rank of the matrixS:
Here D is diagonal and U is unitary. 5) Construct Λ b1 = (|D| + D) (1/2) U where |D| is the diagonal matrix with entries equal to the absolute values of the corresponding entries in D. 6) Construct B v 1 and B v 2 as follows:
The system (2) with {A, B u , C} given and with B v 1 , B v 2 so constructed is physically realizable.
Proof of Theorem 1: We first show by construction that
n v 2 = r direct feedthrough quantum noises are sufficient for physical realizability. Construct B v 1 and B v 2 as per the algorithm above. Construct (3). Then n v 2 = r and (4a)-(4d) are satisfied; the system is physically realizable.
To show that n v 2 = r direct feedthrough noises are necessary for physical realizability, it is sufficient to show that the column dimension of B v 2 must be greater than or equal to r. From (4b), B v 2 has twice the number of columns as Λ b1 has rows. Consider
Using (4a) and (4c), it can be shown that
] and Λ b1 has at least (r/2) rows.
B. Special Case-Physically Realizing a Transfer Function
The closed-loop performance of LTI controllers is usually determined by their transfer function, rather than their particular state space realization. As such, we now consider the problem of implementing an LTI quantum system with a specified strictly proper transfer function. This is equivalent to allowing a state transformation on the state space description of the system to be implemented. When implementing a strictly proper transfer function as a quantum system (2), the direct feedthrough quantum noises dv 1 are necessary for (2) to be physically realizable. Therefore, we consider the problem of whether a particular strictly proper transfer function can be physically realized as a quantum system (2) with only direct feedthrough quantum noises dv 1 and no additional quantum noises dv 2 (i.e., with n v 2 = 0). Theorem 2: Consider a system with strictly proper transfer function matrix
Suppose the algebraic Riccati equation (ARE) 
The result follows from Theorem 1. Indeed, (6) implies
That is, the matrixS defined in (5) has rank zero. Applying Theorem 1, we conclude that the system {A, B u , C} can be physically realized with n v 2 = 0.
Remark 1: Note that for symplectic state space transformations, the physical realizability conditions are invariant under the transformations. However, for nonsymplectic transformations, the physical realizability conditions are not invariant under the transformations, whereas the transfer function remains invariant.
We now give conditions for when the ARE (6) has a nonsingular, real, skew symmetric solution X. Define
It can be shown that λ is an eigenvalue of H if and only if −λ † is. Assume H has no eigenvalues on the imaginary axis and let χ − (H) be the n-dimensional spectral subspace [19] of H corresponding to its negative eigenvalues. We find a set of basis vectors for χ − (H) and stack the basis vectors to form a matrix. Partitioning this matrix, we
denotes the subspace spanned by the columns of the matrix X 1 X 2 .
We assume X 1 is nonsingular or equivalently that χ − (H) and
Im 0 I are complementary subspaces. Then define X = X 2 X −1 1 . It follows that X is uniquely determined by H. We will denote the corresponding function by X = Ric(H) with the domain dom(Ric) consisting of matrices H of the form (7) satisfying the properties that H has no purely imaginary eigenvalues, and that X 1 is nonsingular. Theorem 3: Suppose H ∈ dom(Ric) and X = Ric(H). Then X is skew-symmetric and solves the algebraic Riccati equationÃ T X + XÃ + XRX +Q = 0.
Proof: Let X 1 , X 2 be as above. There exists a Hurwitz matrix
Pre-multiply (8) by
Since ZH is skew-symmetric, so are both sides of the above equation. From the right-hand side
This is a Lyapanov equation. Since H − is Hurwitz, the unique solution is
is also skewsymmetric.
Post-multiplying (8) by X −1 1 and pre-multiplying by X −I gives X −I H I X = 0. Hence, X solves (6).
The following corollary, which follows directly from combining Theorems 2 and 3, is the main result of this subsection.
Corollary 1: Consider a system with strictly proper transfer function matrix G(s) =C(sI −Ã) −1B u . Suppose H ∈ dom(Ric) and X = Ric(H) is nonsingular where H is defined as in (7) . Then there exists matrices {A, B u , C} such that G(s) = C(sI − A) −1 B u and the corresponding system (2) is physically realizable with only the direct feedthrough quantum noises dv 1 and no additional quantum noises dv 2 .
We now give an algorithm for solving (6) and hence physically realizing a given transfer function by only introducing direct feedthrough quantum noises. Suppose we wish to physically realize the transfer function G(s) =C(sI −Ã) −1B u .
1) Construct the matrix H as in (7) . Find the eigenvalues and eigenvectors of H. Check that H has no purely imaginary eigenvalues. In practice, this means checking that the real part of each eigenvalue has magnitude greater than some small numerical tolerance.
2) Construct a matrix X 1 X 2 such that its columns are the eigenvectors of H that correspond to eigenvalues with negative real part. Check that X 1 and X 2 are nonsingular and calculate X = X 2 X −1 1 . The matrix X is a nonsingular solution to the ARE (6). 3) Find the eigenvalues and eigenvectors of X. Construct a diagonal matrix Λ with entries being the eigenvalues of X and with complex conjugate eigenvalues in adjacent columns. Construct a matrix V with columns being the corresponding eigenvectors of X normalized to have unit norm and with complex conjugate eigenvectors in adjacent columns. 4) Construct the n × n diagonal matrixΛ with alternating diagonal entries i and −i. Also construct the n × n block diagonal matrixṼ with each diagonal block corresponding to
. Then G(s) = C(sI − A) −1 B u and the system (2) corresponding to {Ã,B u ,C} is physically realizable with n v 2 = 0 and with B v 1 constructed as above.
V. A SUBOPTIMAL COHERENT QUANTUM LQG CONTROLLER DESIGN ALGORITHM
We demonstrate the utility of our results by giving an algorithm for the design of a suboptimal coherent quantum LQG controller. Unlike the classical LQG controller synthesis problem, here the separation principle of using the optimal state estimator combined with the optimal regulator does not apply due to the relation between the optimal regulator gain and the additional quantum noises that arise when implementing the controller as a quantum system.
A. Problem Formulation
Our problem formulation follows [1] with minor differences. Suppose we have a quantum plant described by the QSDEs
These QSDEs are a special case of (1) with dw partitioned into two components, du(t) and dw 1 (t), and with n u , β u (t), dũ(t), Fũ n w 1 , and F w 1 defined accordingly. Here, du(t) represents the input to the system and dw 1 represents noises driving the system which may, for example, include vacuum noises and/or thermal noises. For simplicity, we restrict our attention to the case where n y = n u . Now suppose we wish to minimize an infinite horizon quadratic cost function
where . denotes quantum expectation; e.g., see [1] .
We restrict attention to controllers described by the following QSDEs which are of the form (2):
The problem is to design a quantum controller (11) which is physically realizable and minimizes the cost function (10) .
Evaluating the cost function (10) for a given controller involves solving a Lyapunov equation for the closed-loop system. For details see [1] , [13] .
B. Design Algorithm
We start by forming an Auxiliary Classical LQG Problem. Consider the plant and controller equations (9) and (11) and define dû = du − dv 1 . By temporarily ignoring the B v 1 dv 1 and B v 2 dv 2 noise terms, and treating dw 1 and dv 1 as classical Wiener processes with intensity matrices S w 1 and S v 1 respectively, we obtain the auxiliary classical plant equations
and the auxiliary classical controller equations:
We also define an Auxiliary Cost Function which introduces an extra term to account for the fact that we have ignored the noise terms B v 1 dv 1 and B v 2 dv 2 that will appear in the quantum version of the controller
where E[.] denotes the classical expectation and ρ ≥ 0. The Auxiliary LQG problem is to find a controller (13) that minimizes the cost function (14) for the plant (12) . Our algorithm is as follows:
1) For a given ρ ≥ 0, form the Auxiliary Classical LQG Problem (12) , (14) . 2) Solve to obtain the classical auxiliary controller (13) .
3) Implement this controller as a coherent quantum controller (11) by applying Theorem 2 or Theorem 1. 4) Form the corresponding closed-loop system, and evaluate the resulting cost function (10). 5) Repeat for different values of the parameter ρ ≥ 0, optimizing the cost function (10) using a line search over ρ ≥ 0. Remark 2: When implementing the classical auxiliary controller as a coherent quantum controller in step 3 above, we first attempt to apply Theorem 2. If its conditions are satisfied then the auxiliary controller transfer function is implemented as a quantum system (11) which only introduces direct feedthrough quantum noises. Otherwise, Theorem 1 is applied and the auxiliary controller is implemented as a quantum system (11) which introduces both direct feedthrough and additional quantum noises. We now give a heuristic motivation for our algorithm. In the standard (classical) LQG problem, the separation principle allows the optimal state estimator and optimal regulator to be designed independently and then combined to yield the optimal controller. In contrast to this, in the quantum version of the problem, the regulator gain C K directly affects how strongly the quantum noises dv 1 and dv 2 impact the state estimator because B v 1 and B v 2 depend on C K .
Our method ignores the introduction of the additional noises dv 1 and dv 2 when designing our state estimator. In order to ensure that the effect of these noises is not too great, when designing the regulator we introduce the parameter ρ which puts an additional penalty on the size of the control signal. The final step of optimizing over ρ ensures the right balance: if ρ is too small the effect of the additional noises dv 1 and dv 2 dominate the closed-loop system response leading to poor performance whereas if ρ is too large, the feedback gain is unduly penalized also leading to poor performance.
We justify our approach by observing that in practice, our algorithm is computationally tractable and examples show that the controllers so obtained yield good results. In particular, the following example demonstrates how a suboptimal coherent quantum controller can outperform a combination of heterodyne measurement and optimal (classical) measurement based feedback control.
VI. ILLUSTRATIVE EXAMPLE
Consider a two mirror optical cavity driven by thermal noise of intensity k n as shown in Fig. 1. (This example is a modification of an example considered in [20] .) We wish to design a controller to be optically coupled to the right-hand mirror. The control objective is to minimize the expected number of photons in the cavity N = a † a = (1/4) x 2 1 + x 2 2 − 0.5, where x 1 and x 2 are the position and momentum operators for the cavity.
Here, the plant is of the form (9) with
It is sufficient to minimize the cost function (10) with R 1 = I 2×2 and R 2 = 0 2×2 . Then N = (1/4)J − 0.5.
A. No Control
We first consider the case of no control as a reference. Here, the system input is driven by vacuum noise: du = dv 1 . We evaluate the cost function (10) for a range of values for k n .
B. Heterodyne Measurement and Classical LQG Control
We now consider combining heterodyne measurement with a classical optimal LQG controller. Heterodyne measurement introduces an additional vacuum noise input. Similarly, the output of the classical controller will contain a vacuum noise component. This is accounted for by substituting du = dũ + dw 3 dỹ = dy + dw 2 into (9) to obtain an augmented plant dx =Ax dt + B u dũ + Bwdw dỹ =Cx dt + D u dũ + Dwdw where dũ and dỹ are classical signals representing the input and output of the augmented plant. Here A, B u , C, and D u are as in (15) , and
We treat dw as a standard classical Wiener process with intensity matrix Sw. We now have a standard classical LQG controller synthesis problem. Here R 2 = 0 2×2 , however, for computational reasons we assume R 2 = 10 −6 when designing the controller. The cost function (10) is the evaluated with R 2 = 0 2×2 . This procedure is repeated for a range of values for k n .
C. Quantum LQG Control
Finally, we consider the coherent quantum LQG controller proposed in Section V. We use the algorithm in Section V-B to obtain controllers for a range of values for k n . In each case: the parameters for the auxiliary plant (12) are obtained from (15) ; the auxiliary cost function (14) uses R 1 = I 2×2 and R 2 = 10 −6 ; and the cost function (10) uses R 1 = I 2×2 and R 2 = 0 2×2 .
The resulting controllers are single mode, active quantum systems with direct feedthrough quantum noises but no additional quantum noises (n v 2 = 2). For 10 −2 ≤ k n ≤ 10 4 we obtain controllers with 7.902 ≤ B v 1 2 ≤ 70.69. For examples of how to implement controllers such as these as optical systems, see [2] - [5] .
D. Comparison of Controller Performance
The relative performance of the no control case, the classical LQG case and our coherent control case are illustrated in Fig. 2 . In the regime where both the thermal noise driving the system and the quantum noises are significant, the coherent quantum feedback controller offers the best performance of the schemes considered. If we leave the quantum regime with k n 0, the relative performance benefits of the coherent quantum feedback controller over the measurement based feedback controller diminish as the thermal noise dominates the system and the quantum noises become insignificant by comparison. In the limit as k n → 0, where the system is driven only by vacuum noise, our proposed controller offers no advantage over the no control case. This is consistent with the idea that the cavity cannot be driven below the vacuum state.
VII. CONCLUSION
Physical realizability is fundamental to coherent quantum feedback control problems. Here, we have given several results pertaining to the physical realizability of strictly proper, LTI systems. Using these results, we have developed an algorithm for obtaining a suboptimal solution to a coherent quantum LQG control problem. Our example demonstrates the utility of our results and shows that coherent quantum feedback control can offer performance benefits over measurement based feedback control.
